The paper deals with free and forced vibrations of a horizontal thin elastic plate submerged in an infinite layer of fluid of constant depth. In free vibrations, the pressure load on the plate results from assumed displacements of the plate. In forced vibrations, the fluid pressure is mainly induced by water waves arriving at the plate. In both cases, we have a coupled problem of hydrodynamics in which the plate and fluid motions are coupled through boundary conditions at the plate surface. At the same time, the pressure load on the plate depends on the gap between the plate and the fluid bottom. The motion of the plate is accompanied by the fluid motion. This leads to the so-called co-vibrating mass of fluid, which strongly changes the eigenfrequencies of the plate. In formulation of this problem, a linear theory of small deflections of the plate is employed. In order to calculate the fluid pressure, a solution of Laplace's equation is constructed in the doubly connected infinite fluid domain. To this end, this infinite domain is divided into sub-domains of simple geometry, and the solution of the problem equation is constructed separately for each of these domains. Numerical experiments are conducted to illustrate the formulation developed in this paper.
Introduction
In offshore engineering, we frequently deal with the problem of water flow-induced loads on structures. Hydrodynamic forces depend on fluid flows in the vicinity of the structure as well as on the structure size, shape, rigidity and foundation. Usually, such a structure consists of parts of simple geometry such as bars, pipes and plates, and therefore, in a theoretical description of the structure dynamics, it is reasonable to investigate a dynamic behaviour of individual elements. Among them, of primary importance are elastic plates submerged in fluid and loaded with forces induced by gravitational waves. An example is a horizontal plate foundation of a windmill installed in a sea coastal zone. Usually, hydrodynamic forces depend not only on the waves themselves, but also on the foundation of the plate and its orientation to the direction of wave propagation. For instance, wave forces on a plane plate perpendicular to the wave propagation direction are different from those for a plate whose surface is parallel to the wave direction. In general, these forces may also depend on the distance between the plate and the boundaries of the fluid domain. In cases of horizontal plates placed at a small distance from the sea bottom, one may expect a certain amplification of hydrodynamic forces loading these plates. This phenomenon is associated with changes in the velocities in flows on the upper and bottom surfaces of the plates. At the same time, a vibration of the plate submerged in fluid leads to the so-called co-vibrating mass of fluid, which strongly changes the eigenfrequencies of this plate.
With respect to the above, we focus our investigations on the coupled hydrodynamic problem of a horizontal plate vibrating in a layer of fluid of constant depth. In order to simplify our discussion, we confine our attention to a simply supported elastic band plate, which makes it possible to reduce the description of a physical three-dimensional problem to a two-dimensional one. In a formal way, the two-dimensional description model corresponds directly to a simply supported horizontal beam, submerged in fluid of constant depth. An additional simplification introduced into the description is that plate deflections are assumed infinitesimally small. In theoretical investigations, we resort to approximate modeling that can describe the main features of this phenomenon.
As regards vibrations of plates in contact with fluid, Solecki (1966) discussed the problem of an infinite plate floating on a water half-space. A similar problem of the deformation of floating ice plates was investigated by Kerr and Palmer (1972) . As far as a finite fluid body is concerned, Sawicki (1975) discussed the problem of the dynamics of floating roofs of cylindrical tanks. A detailed discussion on the dynamics of an elastic band plate floating on a tank with a rectangular cross section is given in Sawicki (1976) . In particular, general solutions for the problem of free and forced vibrations of the plate may be found in that paper. The problem discussed in the present paper corresponds in a sense to that of Sawicki, but it deals with an infinite fluid domain and a fully submerged plate. Our main goal is to calculate a set of the lowest eigenfrequencies of the plate, dependent on the width of the gap between the plate and the bottom, as well as to evaluate deflections of the plate loaded with surface gravitational waves.
Problem Formulation
Let us consider the two-dimensional problem of a thin elastic band plate submerged in fluid, as shown schematically in Fig. 1 .
The motion of the plate is accompanied by the fluid motion, and thus we have the so-called coupled problem of hydrodynamics. This coupling takes place through the boundary conditions at the upper and bottom surfaces of the plate. The normal components of the fluid and plate velocities should be equal to each other. With respect to small deflections of the plate, its motion is governed by the following equation (Nowacki 1972) :
where m pl. is the mass per unit width and length of the plate, D * = Eδ 3 /12(1 − ν 2 ) is the flexural rigidity of the plate (δ is the plate thickness, and ν is Poisson's ratio), p low. and p upp. denote fluid pressure at the lower and upper surfaces of the plate. It should be stressed that the 'density' of the plate m pl. = (ρ pl. − ρ)δ, where ρ pl. is the density of the plate material, and ρ is the fluid density. Assuming a potential velocity of the fluid motion, the associated fluid pressure is described by the formula
where Φ(x, z, t) is the velocity potential satisfying Laplace's equation
within the fluid domain and appropriate boundary conditions at the fluid boundaries.
In discussing the problem of free vibrations of the plate and, in particular, the problem of the plate eigenfrequencies when the fluid flow is induced solely by the motion of the plate, it is justified to assume that the free surface of the fluid is flat over the entire range of time considered (fluid pressure is constant at z = H). With this assumption, the plate-fluid system is conservative, i.e. there is no damping of the plate motion. When vibrations of the plate are forced, for instance by gravitational waves arriving from infinity, the potential function within the fluid domain is affected by vibrations of the plate. In the cases of both free and forced vibrations of the plate, it is necessary to solve the coupled problem of the plate and fluid motion. Before doing that, however, it is convenient to consider, in the first step, the simplest case of free vibrations of the plate in air. For such a case, equation (1) reduces to the following one:
where m pl. = ρ pl. δ. For harmonic vibrations, the following relation holds:
Substitution of this relation into equation (4) gives
The deflection amplitude W (x) is expressed in the form
which satisfies boundary conditions at x = ±b. From substitution of this solution into (6), the following is obtained:
It may be seen that the functions sin r n (x + b) (n = 1, 2, · · ·) form the eigenfunction set of the problem. At the same time, equation (8) leads to the set of eigenfrequencies of the plate
In order to find an associated set of frequencies for the case of free vibrations of the plate in fluid, it is necessary to calculate the fluid pressure and to solve equation (1). The plate deflection for this case is expressed in the form of a series with respect to eigenfunctions sin r n (x + b), inherent for vibrations in air. To calculate the fluid pressure, we have to find a solution of Laplace's equation in the doubly connected fluid domain, satisfying the following system of boundary conditions:
where 'upp.bot.' means the upper and bottom surfaces of the plate. For the thin plate considered, the normal velocity components of the fluid at two sides of the plate (upper and bottom surfaces) are assumed to be equal to the transverse Vibrations of a Horizontal Elastic Band Plate Submerged in Fluid of Constant Depth 195 velocity of the plate centre. A remark is needed. In addition to the boundary conditions given above, it is necessary to investigate the potential behaviour at the plate end points (x = ±b). If the cross section of the plate is rectangular with two right angles at these ends, the fluid velocity field is singular at these corner points. It may be shown, however, that this fluid velocity field is an integrable function along an arbitrary path in the vicinity of the end points.
In order to find a solution of Laplace's equation in the doubly connected fluid domain, we divide this domain into four parts: I, II, III and IV (see Fig. 1 ). In descriptions of the potential functions within these domains, it is convenient to introduce local Cartesian coordinate systems. Thus, with respect to these coordinate systems, the general solution of Laplace's equation read:
One can see that the series in the infinite domains (equations 11 and 12) quickly decay as x → ∞. In practical calculations, it is justified to neglect the series for x ≥ L, where L may be specified for a particular fluid motion considered. In this way, the solution in the finite fluid domain (0 ≤ x ≤ L) will be practically equal to that valid in the infinite domain (0 ≤ x ≤ ∞). To save space, hereinafter we omit the time character t in description of the functionsȦ(t), · · ·, E(t), i.e. all functions are named constants. In accordance with the linear problem considered, all constants, B j ,
, · · · , may be expressed in terms of the constantsȦ n , n = 1, 2, · · ·. It means that, for an arbitrary deflection of the plate, it is possible to find appropriate solutions within the corresponding fluid domains. To this end, we match the solutions at common boundaries of the subdomains. Thus, let us assume that, in advance, the solutions corresponding to B j and C j ( j = 1, 2, · · ·) are known. The potential ϕ(x = b, z) below the plate should be equal to that of the right-hand side domain, i.e. to φ(x = 0, z) at the common boundary. This condition gives
In a similar way, at the boundary (x = −b, z) we have
Multiplication of equation (17) in succession by cos k m z (m = 1, 2, · · ·) and then integration in the range (0 ≤ z ≤ d) leads to the following formulae:
Similar results hold for the left boundary:
The same procedure is employed for the upper fluid. Simple manipulations give 
and
Equations (17-21) result from comparison of the potential functions at common boundaries. These equations ensure equal pressure at the boundaries formed by neighbouring fluid domains. With the relations derived, the description of the problem has been reduced to fewer unknown constants, i.e. to B j and C j ( j = 1, 2, · · ·). Obviously, the fluid velocities at the common boundaries of matching domains must be the same. To this end, not only the fluid pressure, but also the normal components of the velocity field at the common boundaries should be uniquely defined. This condition makes it possible to express all constants in terms of the constantsȦ n that enter the description of the plate deflection. Thus, with respect to the above, it is necessary to calculate the horizontal velocity components. For the fluid below the plate
For the upper fluid domain
we have a similar relation:
It should be stressed that the vertical coordinate z in equation (23) differs from that in equation (22) (they are local with respect to corresponding fluid domains). With equations (22) and (23) it is possible to calculate horizontal velocities at the boundaries x = ±b. For the right boundary (x = +b), equations (22) and (23) give
In a similar way, for the boundary at (x = −b), the following relations hold:
The difference (c − d) in the relations equals the plate thickness. Knowing that the constants E in terms ofȦ n (n = 1, 2, · · ·). In order to find the desired relations, equations (24-27) are multiplied in succession by cos k j z ( j = 1, 2, · · ·) and then integrated within the range (0 ≤ z ≤ H). Such a procedure leads to two systems of equations:
The formulae written above have a complicated structure. In order to make our further discussion clear and to simplify the description of the problem, we confine our attention to a finite number of terms in the infinite series entering all the above relations. Thus, let us assume that na denotes the number of constantsȦ n taken into account. And, similarly, nd, ne and n j denote the numbers of constants D m , E m and B j (C j ), respectively. With respect to these finite numbers of terms in the series, it is convenient to make the following substitutions:
From substitution of (30) and (31) into relations (28) and (29), we obtain
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The vector matrices (B) and (C) in these equations have n j elements. The dimensions of the square matrices correspond to the number of terms taken into account in the associated series. With the notation presented above, the dimensions of the associated matrices are
In accordance with the finite matrix description, equations (17-21) are also replaced by a finite system of equations with a finite number of terms. These equations are written in the following matrix form:
where (1 × n j) matrix EOB reads
At the same time, equations (18) and (19) lead to the (ne × n j) matrix EB:
Finally, the (nd × n j) matrix DB is defined by the formula
The sum and difference of the two equations (34) lead to the following relations On the other hand, equations (36) give
From substitution of equations (41) into relations (40), the following system of equations is obtained:
where
The matrix [I] in these relations is the (n j × n j) unit diagonal matrix. From equations (44), the following solutions are obtained:
Substitution of these relations into equations (36) and (41) gives
With these relations, all unknown constants (parameters) of the problem considered are expressed in terms of independent parameters that correspond to the plate deflection. It is important to note that none of the matrices in these equations, i. 
Free Vibrations of the Plate and Co-vibrating Mass of Fluid
The solution presented in the preceding section corresponds to a general case of standing waves (the pressure at the surface z = H is zero) and arbitrary motion of the plate. In order to find a fundamental set of natural frequencies of the band plate submerged 
Substitution of these relations into equation (1) gives the fundamental equation for the free vibrations of the plate submerged in fluid:
The frequency ω in this relation is different from that corresponding to free vibrations of the plate in air. The potential functions φ and ϕ in (47) are described by the general formulae given in the previous section. Vibrations of the plate in fluid are accompanied by the so-called co-vibrating mass of fluid, which leads to the above-mentioned differences in natural frequencies. This co-vibrating mass of fluid leads to a shift of the natural frequencies of the coupled vibrations to smaller values as compared to frequencies in air. At the same time, as in the case of vibrations in air, the plate deflection and its space derivatives are described by the formulae
From substitution of these relations into equation (47), one obtains
Multiplication of this equation in succession by sin r n (x + b) (n = 1, 2, · · ·, n j) and integration of the result within the range (−b ≤ x ≤ +b), leads to the system of equations: 1 + e −2r n h sin r n (x + b)+
Substitution of this equation into (50) gives
Obviously, all constants E and D in these equations depend on A n (n = 1, 2, · · ·), and therefore, the final system of equations will uniquely depend on these latter constants. From these equations it follows that, in the limit ρ → 0, we arrive at equations corresponding to free vibration of the plate in air. The integrals in equations (52) 
With these results, equations (52) may be written in the following form:
Finally, all these equations are written in the matrix form
where 1 + e −2r n h ,
Substituting equations (57), (53) and (45) into (55) and making simple manipulations, one obtains the final system of equations
The matrix [ AA] in this equation is a square matrix. With this matrix, dependent on the plate parameters and a gap between the plate and the fluid bottom, it is possible to calculate the associated set of eigenfrequencies of the plate. The solution of the problem presented above is illustrated by numerical examples below. Two plates are considered. The first one is a steel plate of thickness δ = 4 mm, and the second one of thickness δ = 20 mm is made of reinforced concrete. In order 207 to investigate the influence of the gap between the plates and the fluid bottom on the eigenfrequencies of these plates, a chosen set of the gap widths is taken into account. Some of the results obtained in numerical calculations are drawn up in tables 1 and 2. Table 1 contains a set of five lowest eigenfrequencies of the steel plate. Similar results for the reinforced concrete plate are shown in table 2. In order to obtain a better insight into the solutions obtained, the lowest eigenfrequencies are illustrated in Fig. 2 . From the data collected in these tables and from the plots in this figure, it may be Fig. 2 . Eigenfrequencies of steel and reinforced plates versus slip width seen that the lowest frequencies correspond to the lowest gaps. It is important for practical reasons that the formulation presented above makes it possible to calculate the smallest plate eigenfrequency for a given distance between the horizontal plate and the fluid (sea) bottom.
Flow-induced Vibrations of the Plate
Results of the previous sections are employed here to investigate forced vibrations of the horizontal plate induced by gravitational waves. In the case considered, the plate is submerged in a semi-infinite layer of fluid, as shown schematically in Fig. 3 . Water waves are generated by a piston-type generator (rigid vertical wall OA) placed at the beginning of the layer. The generator motion is described by the formula
where xg is the generation amplitude. The potential function for the fluid domain (the fluid domain except for the fluid below the horizontal plate) consists of two parts, i.e. Φ * = Φ(x, z, t) + φ(x, z, t). The first part corresponds to wave generation, and the second part is associated with vibrations of the plate. With respect to the harmonic generation, both Φ and φ are written in a form similar to that in equations (46), namely
At the same time, the boundary conditions at the upper fluid surface and the surfaces of the plate read
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In order to obtain the first part of the solution, i.e. Φ(x, z), we resort to a discrete formulation of the problem by means of the finite difference method (FDM). With this method, however, only a finite fluid domain may be considered. And therefore, instead of the infinite fluid layer in Fig. 3 , a finite part of it, with a boundary at x = L, far off the generator-plate system, is taken into account. With such an approach, however, it is necessary to formulate transmitting boundary conditions at this boundary. Thus, for the steady state, harmonic motion and a sufficiently large distance L from the plate, it is justified to consider only a progressive wave, for which we have
Equation (62) describes a local boundary condition at the artificial boundary at x = L. Since we are dealing with a discrete formulation, it is reasonable to consider a non-local boundary condition, which is more convenient in the discrete method applied. One can show that for the FDM formulation, with vertical spacing of nodal points equal to a, the transmitting boundary condition for the velocity potential reads
This relation is employed for the difference analogue of Laplace's equation, written for all nodal points at x = L. In this way, the problem considered is reduced to unknown nodal values of the potential at points of the finite fluid domain (interior and boundary points of the fluid domain). A solution of the system of FDM equations for the discrete values of the potential Φ(x i , z i ), where i means the number of a nodal point, depends not only on the generator amplitude, but also on the unknown potential φ(x, z). These two potentials are coupled through the boundary conditions at the free surface and the surface of the plate (equations 61). In order to find a solution to this problem, a two-step procedure is employed. In the first step, the solution to the potential Φ(x, z) is expressed in the form of a linear combination of solutions corresponding to unknown parameters A n (n = 1, 2, · · ·, na). And then, in the second step, these parameters are obtained by a solution of the plate equation. This, in turn, makes it possible to calculate the deflection of the plate, as well as the pressure field and the amplitude of the free surface elevation.
With respect to the procedure described above, it is necessary to formulate associated boundary conditions for the potential Φ * (x, z). Thus, at the boundary (1-2) in Fig. 3 , one obtains In a similar way,
At the right boundary at (5-6-7-8), the following relations hold:
At the upper surface of the plate (segment 3-6 in Fig. 3 ), we have
The boundary condition at the free surface of the fluid is described by the first equation (61), which is rewritten in the form
A n e −r n h
The boundary condition at x = L (D − E) describes equation (64) . Obviously, at the boundaries (0 − 1) and (6 − D), the normal derivative (∂Φ/∂z) is equal to zero. These boundary conditions depend on the constants (B, C, D, E) that can be expressed in terms of the parameters A n (n = 1, 2, · · ·, na). Following the procedure applied, the right-hand side of the discrete system of equations for the potential Φ(x i , z i ) will depend not only on the generator amplitude, but also on the set of A n (n = 1, 2, · · ·, na). These latter parameters will be obtained from equation (1) describing the plate motion.
With the boundary conditions in mind, the final system of FDM equations for the potential Φ(x i , z i ) may be written in the following form:
where (P) depends on the generator amplitude and the potential φ(x, z). Non-zero components of (P), which correspond to nodal points of the free surface, are
The parameters a and b * in this equation denote the horizontal and vertical spacing of nodal points. It is worth adding here that all the constants (B j , C j, · ··, E 
The integrals entering these equations are defined by equations (53). Simple, though tedious, manipulations allow us to calculate the set of independent variables A n (n = 1, 2, · · ·, na). This solution is illustrated in subsequent Figures 4 and 5.
Plots in Fig. 4 show amplitudes of the free-surface elevation and deflection of the plate. Figure 5 shows the distribution of the maximum deflection of the plate versus the width of the gap between the plate and the fluid bottom. It should be stressed that this deflection depends on the wave length (associated with the generator frequency), the amplitude of the wave maker, as well as the distance between the plate and the piston generator. Therefore, in practical applications, one should be aware of a certain ambiguity in calculating the plate amplitude, which results from the fundamental assumption of the steady state harmonic motion of the system considered.
Concluding Remarks
The formulation developed in this paper makes it possible to calculate the co-vibrating mass of fluid and a set of eigenfrequencies of a horizontal thin elastic plate submerged in fluid of constant depth. As compared to vibrations of the plate in air, the most important result of these investigations is an assessment of the reduction in the plate eigenfrequencies due to the co-vibrating mass of fluid. At the same time, the approximate Vibrations of a Horizontal Elastic Band Plate Submerged in Fluid of Constant Depth 213 theory makes it possible to assess the influence of the gap width on this reduction. It is important to note that the lowest eigenfrequency of the plate vibrations may fall into the range inherent for surface gravitational waves. In such a case, one should be aware of the possibility of a resonance phenomenon that may lead to increased deflection of the plate. Obviously, under natural conditions, one may expect a certain damping of the plate vibrations. Nevertheless, the theoretical result of the possible resonance of waves and plate vibrations is important in the construction of such plates as foundations for offshore structures. At the same time, the numerical experiments conducted for forced vibrations of the plate reveal that, for a certain gap width, one should expect a maximum deflection of the plate. From investigations conducted above, it follows that for a safe operation of such a structure under natural conditions, it may be reasonable to place such a plate foundation at a relatively greater distance from the sea bottom.
